One strategy for controlling transmission of insect-borne disease involves replacing the native insect population with transgenic animals unable to transmit disease. Population replacement requires a drive mechanism to ensure the rapid spread of linked transgenes, the presence of which may result in a fitness cost to carriers. Medea selfish genetic elements have the feature that when present in a female, only offspring that inherit the element survive, a behavior that can lead to spread. Here we derive equations that describe the conditions under which Medea elements with a fitness cost will spread, and the equilibrium allele frequencies achieved. Of particular importance, we show that whenever Medea spreads, the non-Medea genotype is driven out of the population, and we estimate the number of generations required to achieve this goal for Medea elements with different fitness costs and male-only introduction frequencies. Finally, we characterize two contexts in which Medea elements with fitness costs drive the non-Medea allele from the population: an autosomal element in which not all Medea-bearing progeny of a Medea-bearing mother survive, and an X-linked element in species in which X/Y individuals are male. Our results suggest that Medea elements can drive population replacement under a wide range of conditions.
Introduction
Mosquitoes are vectors for a number of important human diseases, including malaria and dengue fever. Replacement of insect disease vectors with modified counterparts refractory to pathogen transmission is a long-established concept for disease prevention (reviewed in Braig and Yan 2001; Gould and Schliekelman 2004; Sinkins and Gould 2006) , and genes that inhibit the mosquito's ability to transmit Plasmodium or dengue have been identified (de Lara Capurro et al. 2000; Ito et al. 2002; Moreira et al. 2002; Franz et al. 2006; CorbyHarris, et al. 2010) . However, the expression of these genes is not expected to result in a fitness benefit to carriers (Schmid-Hempel 2005; Tripet et al. 2008) , and a large percentage of the wild population will need to be refractory in order to achieve substantial levels of disease control (Boete and Koella 2002) . Therefore, effective population replacement is generally thought to require that genes conferring disease refractoriness be coupled with a mechanism, such as linkage with a selfish genetic element, for driving them through the wild population (Braig and Yan 2001; Gould and Schliekelman 2004; Sinkins and Gould 2006) .
Maternal-effect lethal selfish genetic elements were first described in the flour beetle Tribolium castaneum and are known by the acronym Medea (maternal-effect dominant embryonic arrest). Tribolium Medea, which sits at a fixed chromosomal position, has the feature that when present in females, only progeny that inherit the element-containing chromosome survive (Beeman et al. 1992) . In contrast, heterozygous Medea-bearing males give rise to wildtype and Medea-bearing progeny with equal frequency when mated to wildtype females. Therefore, Medea enhances its transmission relative to competing nonMedea-bearing homologous chromosomes (hereafter referred to as the non-Medea allele) by causing the death of progeny that do not carry a copy of Medea found in the mother. Synthetic Medea elements have been generated that drive population replacement in Drosophila (Chen et al. 2007 ).
Medea's ability to spread relies on the elimination from the population of non-Medea alleles in the offspring of heterozygous females mated with non-Medea or heterozygous males. Selection against the non-Medea allele is weak at low and high Medea allele frequencies, when such crosses are rare. Therefore, if there is selection against the Medea allele (carriers experience a cost), this process produces a threshold frequency (an unstable equilibrium), below which Medea will be lost, and above which Medea will spread to a stable equilibrium. Wade and Beeman (1994) showed that if the presence of Medea does not result in a fitness (fecundity) cost to carriers, Medea spreads to fixation for all degrees of maternal effect lethality, though the rate of Medea increase is initially very slow. They also showed that if the presence of Medea results in a decrease in fecundity independent of maternal-effect killing, the frequency of the Medea allele could still increase to a stable internal equilibrium provided that fitness costs were recessive, or if dominant, small. These authors, and Smith (Smith 1998) , showed that Medea's ability to spread in the face of fitness costs could be enhanced if progeny of a Medea-bearing mother compete with each other for resources. In this context, known as family-level, or soft selection (Wade, 1985; Kelly 1992) , the death of non-Medea offspring within the family of a Medea-bearing mother frees limited resources for sibling Medea-bearing progeny. In the work below we assume no family-level selection because this assumption provides a more conservative estimate of Medea's potential as a population replacement drive mechanism. That said, some mosquitoes, such as Aedes aegypti, an important vector of dengue, breed in small containers that may often be resource-limited for larval growth (Clements 1999 ), suggesting that family-level selection could be important in some contexts, a topic that should be further explored. Population genetic models of Hastings (1994) , Smith (1998) and Chen et al. (2007) show that, in the absence of family-level selection, Medea elements with significant dominant fitness costs can still spread, provided they are introduced above a critical introduction frequency. Previous work has focused on the fate of the Medea allele. However, it is the fate of Medeabearing genotypes that is important for population replacement. Chen et al. (2007) showed that, at least under some conditions, when Medea elements with fitness costs are introduced at frequencies that result in spread to an internal equilibrium allele frequency, non-Medea individuals are nonetheless rapidly eliminated from the population. However, it is not clear to what extent this conclusion can be generalized.
Here we characterize the dynamics of Medea elements in large, unstructured populations, focusing particular attention on the behavior of Medea elements with fitness costs that show some degree of dominance, located on autosomes or sex chromosomes. We show that whenever Medea spreads, it eliminates the non-Medea genotype. We provide equations describing the conditions under which elimination of the non-Medea genotype constitutes a stable equilibrium, and the equilibrium allele frequencies attained. We also calculate the introduction frequencies and number of generations required for Medea elements with specific fitness costs to bring about population replacement. Finally, we identify several scenarios -incomplete zygotic rescue by a single copy of Medea in the progeny of Medeabearing mothers, or X linkage in a X/Y male species -in which the spread of Medea results in elimination of the non-Medea chromosome from the population, and we provide equations describing the conditions under which loss of the non-Medea chromosome constitutes a stable equilibrium. Our results suggest there are a wide variety of conditions under which Medea can drive population replacement in a relatively short time (∼1-2 years), using male-only release sizes achievable in the mid-twentieth century. These observations, coupled with the fact that the synthetic form of Medea is the only gene drive mechanism that is both well understood at the molecular level and that has been demonstrated to drive population replacement, suggest Medea as a target for further development.
The model
We use a deterministic model to examine the invasion of synthetic Medea elements into populations. Terms are defined in Table 1 . Table 2 presents the frequencies of parental genotypes in the population, and offspring frequencies and genotypes produced by each mating. The deterministic model assumes an infinite population with random mating and discrete, non-overlapping generations. Expression of the toxin/antidote genes that make up Medea, and/or the cargo genes linked to Medea (genes conferring resistance to pathogen transmission), may result in a fitness cost to carriers. Fitness costs may also arise through tight linkage between Medea and a nearby deleterious allele or insertion-dependent effects on the expression of nearby genes. These are fitness costs not associated with the Medeakilling itself. We consider three types of fitness cost: an embryonic fitness cost (c E,Het and c E,Homo ), a maternal fecundity loss (c D,Het and c D,Homo ), and a paternal fertility loss (c S,Het and c S,Homo ). c D,Het , c S,Het , c D,Homo , and c S,Homo act on the genotypes of the parents, resulting in a fecundity loss in females and a fertility loss in males. For example, if wildtypes have a fertility/fecundity of 1, then in heterozygous females this cost can be interpreted as meaning heterozygous females lay only (1-c D,Het ) fertile eggs, while heterozygous males only successfully fertilize (1-c S,Het ) eggs. An embryonic cost refers to the fraction of Medea-bearing embryos dying as juveniles. Since costs are likely to be borne by both parents (e.g. insertion site-dependent effects; consequences of toxin/antidote expression) or by the female alone (e.g. costs associated with expression of a maternal toxin or a transgene mediating disease resistance), we do not consider paternal fitness costs in isolation. In some of what follows, it is more convenient to frame the discussion in terms of fitness (V x ) rather than the fitness costs induced by the construct. For example, the fitness of a homozygous female is V D,Homo =1-c D,Homo .
We consider two types of Medea-dependent lethality. The term t 0 refers to the fraction of non-Medea progeny from heterozygous Medea mothers that die. Typically, we will consider t 0 =1, meaning that embryos from Medea-bearing mothers that fail to inherit Medea always die. We also consider situations in which heterozygous offspring of homozygous Medea mothers have a probability of dying. This death, also considered by Smith (Smith 1998) , and observed by Beeman et al. (Beeman et al. 1992) in Tribolium, and by Chen et al. (Chen et al. 2007) in Drosophila, may represent incomplete zygotic rescue of maternal-effect lethality associated with two maternal copies of the toxin gene and one copy of the zygotic antidote. The fraction that die by this mechanism is modeled as t 1 , with t 1 =1 meaning that all heterozygous progeny die. Except where noted specifically, t 1 =0. It is sometimes useful to consider the fraction of progeny that live (μ): μ 0 =1-t 0 and μ 1 =1-t 1 .
Given the assumptions above, the equations for the genotype frequencies in generation n + 1 from those in generation n are where the mean fitness, W, equals the numerator of the right sides of these equations In all generations after the introduction, male and female genotype distributions are the same.
Throughout the text we follow allele fitness as a way of understanding the fate of Medea in populations. By allele fitness we mean the probability that a given allele in a zygote that has survived possible Medea-dependent killing will be passed in the next generation to a zygote that also survives Medea-dependent killing, given a specific set of population genotype frequencies. This term incorporates fitness losses associated with Medea-dependent maternal-effect killing, as well as killing-independent fitness costs associated with Medea. In order to understand the dynamics of Medea spread, and how this depends on allele frequency and fitness, we need to be able to describe Medea allele and genotype frequencies, and allele and genotype fitnesses, over generations. In a Medea-bearing population the fate of an individual depends on the genotype of its mother as well as its own genotype. Thus, knowledge of one genotype frequency after a single round of random mating is not sufficient to characterize the population. However, after a single round of mating, the range of possible genotype frequencies for a given allele frequency is constrained. Subsequent generations of mating further constrain the possible genotype frequencies for a given allele frequency. In the supplementary materials we use these observations as the basis for a method by which genotype frequencies and fitness values can be calculated with respect to Medea allele frequency.
When Medea spreads, non-Medea individuals are eliminated from the population Medea increases in frequency by killing alternative non-Medea alleles, thereby causing a relative increase in the population frequency of the Medea allele. Medea-bearing individuals and alleles experience no direct benefit from this killing, but non-Medea alleles experience Medea-dependent death (a fitness loss) in each generation that is dependent on the Medea allele frequency. The relationship between genotype and Medea allele frequency, and between allele and population fitness and Medea allele frequency, for an autosomal Medea with no fitness cost, is illustrated in Figure 1A . The Medea allele spreads to fixation because its fitness is always greater than that of the non-Medea allele. This result agrees with that of earlier works (Hastings 1994; Wade and Beeman 1994; Smith 1998) . The rate of Medea spread depends dramatically on the introduction frequency. If Medea is released into a population at low frequencies there is a long lag phase during which the frequency of Medea alleles and individuals increases only slowly because the frequency of Medea-dependent killing is low (Fig. 1B, C ) (Wade and Beeman 1994) . This lag phase is followed by roughly 15 generations that accounts for a dramatic loss of non-Medea alleles and individuals ( We now consider the fate of autosomal Medea alleles that have a fitness cost not associated with Medea-dependent killing. As an example, we begin by considering the fate of a Medea carrying a 10% multiplicative embryonic fitness cost ( Fig. 1D ) (homozygotes carry a 19% fitness cost). The fitness curves for the Medea and non-Medea allele cross at two positions.
These define the unstable internal equilibrium allele frequency (UIEAF) and the stable internal equilibrium allele frequency (SIEAF) (the stable internal equilibrium of Wade and Beeman (1994) , and Smith (1998)), the point to which all gamete frequencies converge when Medea spreads (See also discussion of Supp. Fig 1A) . At these two points Medeadependent killing of non-Medea alleles is balanced by natural selection-dependent loss of Medea alleles. If Medea is present at a frequency below the UIEAF, it is driven out of the population. In contrast, if the Medea allele frequency is above the UIAEF but below the SIAEF, the frequency of Medea increases over the generations towards the SIEAF, even though this is associated with a decrease in overall population fitness (Fig. 1D) . The SIEAF represents a stable upper limit on the Medea allele frequency since when the Medea allele frequency is higher than the SIEAF, non-Medea alleles have, on average, a higher relative fitness; they lack the fitness costs associated with being in Medea homozygotes (they are in heterozygotes), and because Medea is now common they only rarely suffer the cost of death due to maternal-effect lethality in non-Medea progeny. In consequence, the SIEAF also represents a local population fitness maximum (Fig. 1D ).
In order to characterize more generally the fitness conditions under which Medea spreads, and the genotype and allele equilibria achieved when spread occurs, we solved for the equilibrium values of this system, setting and Recalling that genotype frequencies must sum to one, G MM + G M+ + G ++ = 1, and assuming that all fitness values are greater than 0, we find 4 biologically possible equilibria: populations consisting of only non-Medea individuals, all three genotypes (the UIEAF), only Medea-bearing individuals (the SIEAF), or only homozygous Medea individuals. In order to analyze the stability of these equilibria, we use the standard linear stability analysis for difference equations (see Supplemental Materials for details). To simplify the model we limit our analysis to cases where there are 2 independent variables (homozygous and heterozygous fitness). These variables are plotted against each other to create a parameter space diagram in which regions of feasibility and stability or instability are indicated ( Fig. 2A) . We consider a Medea with an embryonic fitness cost, and t 1 =0 and t 0 =1. A similar analysis and plots for parental or maternal fitness costs are presented in the supplemental materials. We are particularly interested in the case in which heterozygotes experience a fitness cost, and this cost is less than that experienced by homozygotes, because we believe this is the most likely scenario to be encountered with real, engineered Medea elements carrying genes that mediate disease refractoriness.
(1) All non-Medea individuals
This equilibrium is always stable unless V E,Het =1 ( Fig. 2A, line a) , at which value the linear stability analysis is inconclusive. In other words, if the presence of Medea results in a fitness cost to heterozygotes, very low-level introductions of Medea will result in loss of the Medea allele. Numerical results indicate that when fitness costs are purely recessive (V E,Het = 1; V E,Het ≤ 1), this equilibrium is unstable, implying that low-frequency introductions of such a Medea can result in spread, even if the fitness of homozygotes is close to zero.
(2) All three genotypes present in population
Equilibrium 2 is only biologically feasible if V E,Homo ≥V E,Het (1-V E,Het ) ( Fig. 2A , regions A and B). It is unstable when V E,Het <1 and V E,Homo >V E,Het (1-V E,Het ) ( Fig. 2A, regions A and  B) . At V E,Het =1 ( Fig. 2A, line a) , this equilibrium is coincident with equilibrium 1 (G ++ =1, G M+ =0 and G MM =0) and unstable as determined through numerical simulations. This analysis implies that in broad regions of fitness space, populations containing all three genotypes will not persist because the equilibria they are associated with are unstable, and all real populations are subject to perturbations. The equilibrium values described by the above equations in regions A and B represent the UIEAF.
(3) No non-Medea individuals in the population
This equilibrium is biologically feasible if V E,Homo ≤V E,Het ( Fig. 2A, regions B and C) . It is unstable for V E,Homo <V E,Het (1-V E,Het ) ( Fig. 2A, region C) , and stable for V E,Homo >V E,Het (1-V E,Het ) ( Fig. 2A, region B) . When V E,Homo =V E,Het ( Fig. 2A, line b) this equilibrium is coincident with equilibrium 4. When V E,Homo =V E,Het (1-V E,Het ) ( Fig. 2A, line c), this equilibrium is coincident with equilibrium 2. This analysis implies that within a biologically important region of fitness space (V E,Homo ≤V E,Het and V E,Homo >V E,Het (1-V E,Het ) ( Fig. 2A, region B) ), Medea elements will, if released at frequencies greater than the UIEAF, spread such that eventually all individuals carry Medea. The stable equilibrium values described by the above equations (region B) represent the SIEAF.
(4) All Medea homozygous individuals in the population
By linear analysis, this equilibrium is stable if V E,Homo >V E,Het ( Fig. 2A, region A) , and unstable if V E,Homo <V E,Het ( Fig. 2A, regions B and C) . When V E,Homo =V E,Het , this equilibrium is coincident with equilibrium 3 (Fig. 2A, line b) and stable. This analysis implies that when a Medea carries a fitness cost, and homozygotes are less fit than heterozygotes (and t 1 =0), unless a population begins with no non-Medea alleles, the population will always contain non-Medea alleles.
Calculations using maternal and paternal fitness costs, also lead to 4 equilibria (details can be found in Supplementary Materials). Several simple conclusions emerge from this analysis for each type of fitness cost, provided that V Het <1 and V Homo <V Het . First, if such a Medea is introduced at low frequency it will be lost from the population. Second, populations with all three genotypes are unstable and will ultimately either lose Medea or lose wildtype individuals. Third, there are large regions of fitness space (region B in Figure 2A , Fig. S2 ) within which -if a Medea is present at a frequency greater than the UIEAF -it will spread to a stable equilibrium (the SIEAF). At this equilibrium non-Medea alleles remain (Fig. 2B,  Fig. S1 ) (see supplement for derivation of equations), but non-Medea individuals are absent. This last feature of Medea, that if spread occurs non-Medea individuals are driven from the population, is important because the epidemiology of insect-borne diseases such as malaria indicates that disease prevention through population replacement will require that most insects be refractory to disease transmission (Boete and Koella 2002) .
The rate at which Medea spreads and eliminates non-Medea individuals is a function of its introduction frequency and the nature and size of the fitness cost
In order for population replacement to be useful in the real world, the drive mechanism must be able to spread genes quickly through the wild population. The relationship between fitness cost, introduction frequency (expressed as the ratio of homozygous Medea/nonMedea males present in the population) and number of generations required to bring nonMedea individuals below a specific frequency (1%), is illustrated in Fig. 3A, 3B and 3C, for different kinds of fitness cost (all assume multiplicative fitness costs, t 0 =1, t 1 =0). The lower bound on these graphs (the black border) defines for any given fitness cost, the critical homozygous Medea/non-Medea male introduction ratio (CMIR), below which Medea will not spread. This number is of practical interest because the release of Medea-bearing males is most appropriate for population replacement in mosquito populations since it is technically feasible to release only males (Knipling et al. 1968; Catteruccia et al. 2005; Smith et al. 2007) , and females bite and transmit disease while males do not. In addition, the release of homozygous males only is likely to maximize spread since it forces all Medeabearing individuals to mate with non-Medea-bearing individuals, maximizing drive in the next, heterozygous, generation. A sex-independent parental fitness cost (Fig. 3A) requires the highest introduction frequency because in the first generation two copies of the fitness cost are born by homozygous Medea fathers used to initiate population replacement, leading to a decrease in their reproductive output and the effective introduction frequency. Medeas carrying an embryonic fitness cost (Fig. 3B ) require a somewhat lower introduction frequency because there is no cost in the first, parental generation. A female-specific fitness cost (Fig. 3C) requires the lowest introduction frequency because no fitness cost is incurred in the first, parental generation, while in subsequent generations the costs are limited to females.
If offspring heterozygous for an autosomal Medea experience a fitness cost avoided by homozygotes, the non-Medea chromosome may be eliminated from the population
In the above discussion of autosomal Medea elements we have assumed that heterozygous Medea offspring of homozygous Medea mothers always survive. We now relax this assumption. Such a situation could easily arise if progeny of homozygous Medea-bearing mothers (which inherit two dosages of the toxin) cannot, or can only imperfectly be rescued from death by a single copy of Medea (a single copy of the antidote) in the zygote (0<t 1 <1) (see also Fig. S3 in (Chen et al. 2007) ). Smith makes a related point, though details of his model differ from ours with respect to the fate of homozygous Medea progeny of homozygous Medea mothers (Smith 1998): we assume that homozygous progeny of homozygous Medea mothers show 100% survival, as observed in (Chen et al. 2007 ), while he does not. To understand the consequences of this novel cost for the fate of Medea we calculate the equilibrium values for one particular case, a multiplicative embryonic fitness cost (V E,Homo =V E,Het 2 ) and t 0 =1. Again there are four possible equilibria. The feasibility and stability of equilibria within t 1 , embryonic fitness parameter space are plotted in Fig.   4A .
(1) No Medea-bearing individuals in the population
This equilibrium is stable (Fig. 4A, regions A , B, and C) except when V E,Het =1 (Fig. 4A,   line a) , where the stability analysis is inconclusive. Simulations indicate that at this point the equilibrium is unstable. This equilibrium implies that if there is a fitness cost, regardless of t 1 , with very low introduction frequencies Medea will be lost.
(2) All three genotypes in the population
This equilibrium is not feasible for low fitness values ( Figure 4A , region C), and is biologically feasible, but unstable when t 1 is relatively high, (Fig. 4A , regions A and B) (See supplemental materials for algebraic expressions of equilibrium frequencies and the stability boundary). In short, populations containing all three genotypes will not persist; they will either lose Medea-bearing genotypes (equilibrium 1) or wildtypes (equilibrium 3 and equilibrium 4).
(3) No non-Medea individuals in the population
This equilibrium population is only feasible when t 1 ≤2 (1-V E,Het ), and is stable in Fig. 4A region A but unstable in Fig. 4A region C. This equilibrium indicates that there are biologically relevant regions (region A, primarily low t1 values) in which wildtype individuals are eliminated but non-Medea alleles remain the population. This equilibrium is stable when t 1 >2(1-V E,Het ) ( Figure 4A , region B) and unstable when t 1 <2(1-V E,Het ) ( Figure 4A , regions A and C). At the equality, the analysis is inconclusive but the equilibrium is coincident with equilibrium 3. This equilibrium indicates that there are biologically relevant situations (region B; high Medea allele fitness and high t 1 ) in which the spread of Medea results in the non-Medea allele being driven from the population.
The behavior of Medea elements with t 1 >0 is illustrated in Fig. 4. Figs. 4C , D show the behavior of Medea elements with no fitness cost, in which heterozygous progeny of homozygous mothers do not die (t 1 =0), sometimes die, (t 1 =0.25; t 1 =0.5; t 1 =0.75), or always die (t 1 =1.0). Figs. 4E, F show the behavior of Medea elements that carry a 10% embryonic fitness cost, with t 1 values as above. In both cases non-Medea individuals are eliminated from the population, though values of t 1 >0 result in modest delays. When a Medea carries a fitness cost, values of t 1 >0 result in a decrease in the non-Medea equilibrium allele frequency, which can go to 0 for high values of t 1 (Fig. 4F) .
The mechanism by which values of t 1 >0 can lead to loss of the non-Medea allele from the population can be understood by considering the changing fitness of the non-Medea allele for t 1 =0 and t 1 >0, as the frequency of Medea increases. Fig. 6B provides an example, for a Medea with a 10% embryonic fitness cost and t 1 = 0.5. When such a Medea allele is present at frequencies just above the UIAEF, most Medea alleles are in heterozygotes, and nonMedea alleles experience a Medea-dependent fitness cost similar to that for a Medea with a 10% embryonic fitness cost and t 1 =0 (Fig. 4B , compare with Fig. 1D ). However, in contrast to the case of an element with t 1 =0, in which the fitness of the non-Medea allele recovers as the frequency of males carrying Medea increases (Fig. 1D) , for a Medea with a 10% fitness cost and t 1 =0.5, the fitness of the non-Medea allele continues to remain low, never becoming greater than that of the Medea allele (Fig. 4B) . This occurs because non-Medea alleles from heterozygous males face a new, 50% risk of death in heterozygous progeny when female parents are homozygous for Medea. As Medea spreads, the frequency of heterozygotes becomes rare with respect to the frequency of Medea-bearing individuals (which are mostly homozygotes), while heterozygotes make up the majority of individuals carrying the non-Medea allele. Therefore, the fitness costs from this form of death are born primarily by the non-Medea allele. This results in the non-Medea allele being eliminated from the population, an outcome also reflected in population fitness, which -following an initial decrease resulting from high levels of Medea-dependent killing -increases continuously as Medea spreads to fixation (Fig. 4B) .
When a Medea on the X chromosome in a X/Y male species spreads, the non-Medea allele experiences a novel cost that drives it to extinction
The non-Medea allele also experiences a novel cost when Medea is located on the X in a X/ Y male heterogametic species. This cost arises because in each generation X-linked nonMedea alleles present in heterozygous Medea female parents have a 50% probability of ending up in a male progeny, which are doomed to death because they cannot be rescued by a paternally derived Medea allele. Therefore, the non-Medea X allele experiences a minimum 50% probability of death in the subsequent generation each time it finds itself in a heterozygous Medea female, and the probability of finding itself in a heterozygous Medea female (as opposed to a non-Medea female) increases as the frequency of Medea increases.
The consequences of this novel cost are outlined below. S x represents the fraction of the total population that is male of genotype x and D x the fraction of the total population that is female of genotype x. For a Medea on the X, the standard iterative Medea equations are modified as follows:
where the mean fitness, W, equals Equilibrium (1) is stable for all values of V E,Het except V E,Het =1. At V E,Het =1 the linear stability analysis is inconclusive, but simulations indicate that the equilibrium is unstable. In other words, if the presence of Medea results in a fitness cost to carriers, low-level introductions of Medea will result in loss of the Medea allele. (2) This equilibrium is stable for V E,Het >1/2, unstable for V E,Het <1/2, and the analysis is inconclusive at V E,Het =1/2. This equilibrium is particularly interesting because it suggests that if Medea becomes established, there is a broad range of physiologically relevant conditions (V E,Het >1/2) under which, if the Medea is introduced above the UIEAF, the nonMedea allele is eliminated from the population.
These features of an X-linked Medea are illustrated in Fig. 5A , which plots allele fitness versus Medea allele frequency for a X-linked Medea with a 10% embryonic fitness cost. The fitness costs associated with the non-Medea allele remain higher than those associated with the Medea allele for all Medea allele frequencies above the UIEAF. This forces the nonMedea allele out of the population, and is also reflected in changes in population fitness as Medea spreads. Population fitness initially decreases as a result of Medea-dependent killing of non-Medea alleles; it then increases continuously as Medea spreads and the killing of non-Medea male progeny declines. The dynamics of Medea spread for representative elements located on the X carrying an embryonic fitness cost are illustrated in Figs. 5B-D. Non-Medea individuals are rapidly eliminated from the population, though the times required are somewhat longer, and CMIRs somewhat higher than those required for an autosomal element with a similar fitness cost (compare with Fig. 3A-C) , since introduced males carry only one copy of Medea.
Discussion
Here we use a deterministic model to show that Medea selfish genetic elements can drive rapid population replacement under a wide range of conditions, provided that they are introduced above a critical introduction frequency (or critical male introduction ratio), determined by the fitness costs associated with Medea. Stochastic effects (drift, founder effects) will soften this transition such that Medea will sometimes spread when introduced below the CMIR, and sometimes fail to spread when introduced above it, as recently modeled for the case of the Wolbachia drive system (Jansen et al. 2008) . A detailed analysis of Medea behavior in finite populations remains to be carried out.
A critical feature of Medea's potential as a drive mechanism, highlighted throughout this work, is that under all conditions in which spread occurs, even when Medea carries a fitness cost and non-Medea alleles remain in the population, loss of non-Medea individuals from the population constitutes a stable equilibrium, implying that spread of Medea results in elimination of these individuals from the population. In some cases, when autosomal Medea elements have a t 1 >0, or when Medea is located on the X, loss of the non-Medea allele also constitutes a stable equilibrium, implying the non-Medea allele is eliminated from the population. The rate of Medea spread is a function of introduction ratio, fitness costs, and number of elements. Low fitness costs allow rapid spread at relatively low Medea/nonMedea male introduction ratios, while high fitness costs require higher introduction ratios in order for spread to occur quickly, or at all.
Practical population replacement requires that transgenic individuals be refractory to disease transmission for many generations. Medea elements that are autosomally linked with t 1 >0, or that are X-linked in a male heterogametic species (such as the malaria vector, Anopheles gambiae) could be useful in this regard since having no non-Medea alleles in the population serves to maximize the number of genes for disease refractoriness in individual females in the population, thereby delaying the appearance of insects permissive for disease transmission as these genes (which are presumed not to confer an overall fitness benefit to carriers) mutate to inactivity.
The ability to eliminate a specific allele from the population also provides a method by which first-generation elements can be removed from the population in favor of secondgeneration elements. This is likely to be important in several contexts. First, as noted above, genes conferring disease refractoriness will eventually mutate to inactivity. In addition, preexisting diversity and mutation within the pathogen population may select for pathogen populations resistant to first-generation transgenes. Finally, it possible, though unlikely, that the presence of specific transgenes will facilitate the appearance of novel pathogens or unwanted ecosystem effects. As discussed in Chen et al. (2007) , second generation Medea elements can be generated that will spread at the expense of first generation elements, when both elements are located at the same chromosomal position. If second generation autosomal elements having t 1 >0 are used, or the elements are X-linked, first generation elements can be eliminated from the population during this process. The use of such second generation elements carries a price in that somewhat higher introduction frequencies are needed than with an autosomal Medea element having t 1 =0 (Chen et al. 2007 , Fig. S3 ; and compare Fig.   3B with Fig. 5C ). But given the importance that control over the fate of released transgenes is likely to have for the acceptance of population replacement as a strategy for disease prevention, this may be a small price to pay. This strategy does not restore the population to its pre-transgenic state, but it does provide a method for removing specific transgenes from the population.
What are the contexts in which area-wide population replacement with Medea can realistically be carried out? Our results suggest that in order for Medea to drive rapid population replacement within 10-20 generations (roughly 1-2 years), Medea/non-Medea male introduction ratios of between 1:10 and 1:1 are needed, depending on the nature and size of fitness costs. These numbers represent optimistic estimates because they assume that Medea males are competitive with wild males. Wild populations of Aedes aegypti and some Anopheles species have been estimated to range from 10,000-20,000 adults per village (Scott et al. 2000; Taylor et al. 2001) . These sizes are small compared with those associated with classical sterile male release in other insects; 68,000 per week in the case of the screw worm fly, and ∼10 9 in the case of Mediterranean fruit flies (Dyck et al. 2005) . With respect to mosquitoes, weekly factory production of 1,000,000 Aedes aegypti could be achieved routinely in the 1960s. Large numbers of Anopheles males have also been produced in factory environments using mid-twentieth century technologies (Knipling et al. 1968) . In some contexts it may also be possible to take advantage of naturally-occurring changes in mosquito population size to provide an environment in which Medea can more easily gain a foothold within a population. For example, while wet season populations of Anopheles adults per village in Mali can reach ∼15,000, in the dry season these populations consist of only 1,000-3,000 adults (Taylor et al. 2001) . These encouraging points notwithstanding, it is important to emphasize that area-wide population replacement remains a daunting task. Disease-endemic regions can be very large (thousands of square miles), and consist of many villages, requiring that the number of Medea males to be released be scaled accordingly.
Finally, we note that the models examined here make a number of assumptions: infinite population size, non-overlapping generations, no age structure within the population, random mating, and no migration. This kind of model is often used to gain basic insights into population genetic processes. However, it provides only a qualitative snapshot of the conditions under which Medea can succeed in driving population replacement. It will be important to carry out more detailed modeling that takes account of the biology of specific pest species, as well as other variables that can influence rate of spread and functional lifetime in the wild. Parental genotype frequency, fitness effects, and offspring frequency.Mating frequencies are the product of the genotype frequencies of the male and female parents. A reduction of fertility, fecundity or embryonic viability leads to a reduction in the frequency of viable offspring of some genotypes. When 
